TWISTED TORIC STRUCTURES 



TAKAHIKO YOSHIDA 



Abstract. This paper introduces the notion of twisted toric manifolds which 
is a generalization of one of symplectic toric manifolds, and proves the weak 
Delzant type classification theorem for them. The computation methods for 
their fundamental groups, cohomology groups in general cases, and signatures 
in four-dimensional cases are also given. 



By Delzant 's classification theorem [4], there is a one-to-one correspondence be- 
tween a symplectic toric manifold which is one of the special objects in the theory 
of Hamiltonian torus actions and a Delzant polytope which is a combinatorial ob- 
ject. Through this correspondence, various researches on the relationship between 
symplectic geometry, topology, and transformation groups with combinatorics have 
been done [2, 4, 7]. 

On the other hand, there exists a manifold such that it may not be itself a 
symplectic toric manifold, but it has a toric structure in a neighborhood of each 
point all of which are patched together in some weak condition. In this paper, 
as a formulation of such manifolds, we shall introduce the notion of twisted toric 
manifolds and generalize the weak version of Delzant 's classification theorem to 
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1. Introduction 



them. Recently, some generalizations are also considered [11, 12, 17, 18, 19]. We 
also investigate the topology of twisted toric manifolds. As a result, we can see that 
there are examples of twisted toric manifolds which are not complete non-singular 
toric varieties in the original algebro-geometric sense. In particular, these are not 
symplcctic toric manifolds. 

In general, a twisted toric manifold no longer has a global torus action like that 
of a original symplectic toric manifold, but it has a torus action on a neighbor- 
hood of each point which comes from a local toric structure and they are patched 
together in certain sense. One of our motivation is to generalize the topological 
theory of transformation group to such a twisted torus action. Some invariants for 
transformation groups such as equivariant cohomology groups can be generalized 
to this case and we are investigating their properties, in particular, localizations. 
Unfortunately we could not describe this topic in this paper. This will appear later 
on. 

This paper is organized as follows. First, we recall Hamiltonian torus actions 
in Section 2 and symplectic toric manifolds in Section 3 in order that the paper is 
self-contained. Then wc shall give the definition of the twisted toric manifold and 
some examples in Section 4. Section 5 is devoted to the classification of twisted 
toric manifolds. In Section 6, We shall compute their fundamental groups and 
cohomology groups. We shall also compute their signatures in four-dimensional 
cases. 

In the rest of this paper, we shall assume that all manifolds are compact, con- 
nected, and oriented and all maps preserve orientations, unless otherwise stated. 

Acknowledgment: The author is thankful to Professor Mikio Furuta, who is my 
mentor, for useful comments and suggestions. This work is motivated by his sug- 
gestion. The author is also thankful to Professor Hisaaki Endo for teaching me 
Meyer's signature cocycle. 



2.1. Moment maps. A symplectic manifold (X, u>) is a smooth manifold X equipped 
with a non-degencrate closed 2- form to. Let us assume that a fc-dimcnsional torus 
T k acts on X which preserves u>. In this paper, we identify T k with R k /Z k , and 
its Lie algebra t with R fc . By the natural inner product (, ) on R fc , we also identify 
the dual space t* of t with t itself. 

Definition 2.1 ([2, 9]). A moment map for the T fc -action is a map /Lt : X — ► t* 
which is T fc -invariant with respect to the given T*-action on X and satisfies the 
condition 

for £ G t, where is the infinitesimal action, that is, the vector field which is 
defined by 



Note that a moment map for a T fe -action is determined up to an additive constant. 
The torus action which has a moment map is said to be Hamiltonian. 

Although these are not compact, the following examples are fundamental in this 
paper. 



2. Hamiltonian torus actions 
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Example 2.2. Let (C n ,wo») be the n-dimensional complex vector space with the 

symplcctic form = cfej A dz, . T" acts on C™ by 

27T ' — ' 

i=l 

t- 2 = ( e 2ff ^ T * 1 2 lj ...,e 27r ^= T ^ n ) 

for t = (ti, . . . , t„) £ T™ and 2 = (zi, . . . , z„) G C™. This action is Hamiltonian and 
a moment map fxc" '■ C n —* t* is defined by 

W>(z) = (|zi| 2 ,...,|z„| 2 ). 

In particular, the image of [Ac™ is 

t>o = {£ = (6, ■■■An) G t* = K" : & > for * = l,...,n}. 

Example 2.3. Let T*T n be the cotangent bundle of T™. On T*T n , we fix the 
natural trivialization T*T" = t* x T" and identify T*T" with t* x T n by this 

n 

trivialization. T*T n has a symplcctic form ll>t*T" = ^^ddi A where = 

i=i 

(6 1 , . . . , 9 n ) and £ = (£i , . . . , £„) denote the standard coordinates of T n and t* = R n , 
respectively. T n acts on T*T n by 

*•(£>*) = (£,* + *) 

for i G T" and (£, 0) G T*T n . This action is Hamiltonian and a moment map 
^i T . T n : T*T" ->■ t* is defined by 

2.2. Symplectic reduction. Let (X, u>) be a 2n-dimcnsional symplcctic manifold 
equipped with a Hamiltonian T fe -action with a moment map \i : X — > t*. There is 
a method, so called a symplectic reduction, to construct a new symplectic manifold 
which wc shall explain. See [2, 9] for more details. 

Proposition 2.4. Let T k (c T k ) be the stabilizer of x G X . Then the annihilator 
(Imd^) 1 of the image of dfi x : T X X — > t* is isomorphic to the Lie algebra t x of 

1 X ' 

Proof. It is clear from the condition in Definition 2.1 and the non-degeneracy of 

LU. □ 

Let e G t*. Since \i is invariant under the action, T fc -action preserves /i _1 (e). 
Suppose that T fe -action on /i _1 (e) is free. Then Proposition 2.4 implies that 
the level set /i _1 ( e ) is smooth, and the quotient space /i~ 1 (e)/T fe is a 2(n — k)- 
dimcnsional smooth manifold. In this case, the following proposition is well known. 

Proposition 2.5 ([16]). The quotient space fi^ 1 (e)/T k carries a natural symplectic 
form u e such that the equality l*lo = n*uj e holds, where l is a natural inclusion and 
tt is a projection 

Ox-He), t'w)^ 

TT 



(fi 1 (e)/T k ,u> e ) is called a symplectic quotient. 
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2.3. Symplectic cutting. Let us recall the symplectic cutting by Lerman [13]. 
Suppose that (X,oj) is a symplectic manifold equipped with a Hamiltonian S 1 - 
action with a moment map fx : X — ► R. Define the S -action on the product space 
(X x C,w©uc) by 

t-(x,z) = (i • x, e^^'z) 

for t € S 11 and (x, z) £ X x C. This action is Hamiltonian and the moment map 
$ : X x C -> R is 

$(x, z) = ^i(x) - // c (z) = /"(a;) - \z\ 2 . 

Proposition 2.6. Let e e I. the S 1 -action on <j> -1 (e) is free, if and only if the 
S 1 -action on fj, (e) is free. 

Proof. Let (x,z) £ $ _1 (e). If z ^ 0, then the stabilizer of (a;, z) for the S^-action 
on X x C only consists of the unit element since the stabilizer of z for the S^-action 
on C only consists of the unit element. In the case where z = 0, the stabilizer of 
(x, z) for the 5 1 -action on X x C is equal to that of x for the 5 1 -action on X. This 
proves the proposition. □ 

Assume that the ^-action on is free. Then the reduced space $~ 1 (e)/S' 1 

is a smooth manifold whose dimension is equal to that of X. Let us consider 
the reduced space &~ 1 (e)/S 1 . The level set is a disjoint union of two S 1 

invariant parts 

= {(x,z) £ X x C: > e, |z| 2 = //(x) - e} II ^{e) x {0}. 

The first part is equivariantly diffcomorphic to the product {x £ X : fJ,(x) > eJxS 1 , 
and the second part is naturally identified with fjT (e). Then as a set, the quotient 
space ^~ 1 (e)/S 1 is the disjoint union 

<p- 1 (e)/S 1 ^{xeX: /i(x) > e} II (J ,- 1 (e)/S 1 . 

We denote $" 1 (e)/5 1 by X M > £ . Topologically, X^> e is the quotient of the manifold 
X^> e = {x £ X: fi(x) > e} with the boundary ( u~ 1 (e) by the relation ~ 5 where 
x ~ x' if and only if x, x' £ /i -1 (e) and x' = t ■ x for some t £ S 1 . For this reason, 
we would like to call the operation that produces X^y e from the Hamiltonian S 1 - 
action on {X 1 lj) symplectic cutting and X^> £ is called a cut space. 

Remark 2.7. Suppose that (X,ui) has another Hamiltonian T fc -action which com- 
mutes with the S^-action. Then the T fc -action on X induces the Hamiltonian 
T fc -action on X^o simply by letting it act on the first factor. 

Example 2.8. Let us consider Example 2.3 for n = 1. By Remark 2.7, the cut 
space T*S' 1 a1t< , s1 >o has the Hamiltonian circle action which is induced by the origi- 
nal circle action on T* S . In this case, T* S 1 s1 >o is equivariantly symplectomor- 
phic to (C, u>c) with the circle action in Example 2.2 by the symplectomorphism 
tp : C — > T* S 1 n sl >o which is defined by 

V,(z) = [|z| 2 ,^,|z|]. 

Example 2.9. Let u £ Z" C t, and consider the Hamiltonian S^-action on 
(T*T n , u>T*Tn) which is defined by 

= (^e + tu) 

for t £ S 1 = R/Z and (£, 0) £ T*T n . The moment map ^ : T*T" -> R is obtained 
by 
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In this case, 



(r*T») Mu > £ = Uef: (u, > e] II {£ G t* : («, = e} X T"/^, 

where 5* is the circle subgroup of T n generated by u. Note that (T*T n )^ >e 
is smooth, if and only if u is primitive in the sense of Definition 3.3. For more 
details, see Appendix A. In this case, since the Hamiltonian T n -action in example 
2.3 commutes with the ^-action, by Remark 2.7, the Hamiltonian T™-action is 
induced to (T*T n )^ >e with the moment map 

W^([S,9,z]) = t- 

Figure 1 shows the change of the image of the moment map under symplectic 
cutting for n = 2. 




Figure 1 . the change of the moment image by symplectic cutting 



Remark 2.10 (Simultaneous symplectic cuttings). Suppose that (A, to) is equipped 
with two commutative Hamiltonian S^-actions on (A, to) with moment maps \i\ and 
fi2- Then corresponding symplectic cutting operations also commute each other, 
and the both cut spaces (A^ 1 > £1 ) >£a and (A /i2 > e2 )^ i>ei are naturally symplec- 
tomorphic to the cut space 

^{^>e,}, =1 ,2 = {(*> z) G A x C 2 : ih(x) - N 2 = Ei , i = 1,2}/T 2 

of the simultaneous symplectic cuttings, that is, the symplectic quotient of the 
Hamiltonian T 2 -action on (A x C 2 ,u> © toe 2 ) with the moment map 

$(x,z) = (m(x) - |zi| 2 ,/i 2 (a;) - \z 2 \ 2 ) 

which is obtained by putting two S' 1 -actions together. 

More generally, for the case where (A, ui) is equipped with k commutative Hamil- 
tonian S^-actions with moment maps \i{ for i = 1, . . . , k, the argument goes similar 
way, and the cut spaces are naturally symplectomorphic to the simultaneous cut 
space 

X { ^> ei}i=1 k = {{x, z)eXxC k : m(x) - N 2 = Ei, i = 1, . . . , k}/T k . 

3. Symplectic toric manifolds 
For Hamiltonian torus actions, the following fact is well known. 

Theorem 3.1 ([7]). If a k- dimensional torus T k acts effectively on a 2n- dimensional 
symplectic manifold (X,u>) in a Hamiltonian fashion, then k <n. 
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In particular, in the maximal case of Theorem 3.1, that is, a closed, connected 
2n-dimensional symplectic manifold (X, ui) equipped with an effective Hamiltonian 
T™-action is called a symplectic toric manifold. 

For a general Hamiltonian torus action, Atiyah and Guillemin-Sternberg show 
the following convexity theorem. 

Theorem 3.2 ([1, 8]). Let (X,u)) be a closed, connected In- dimensional symplectic 
manifold equipped with a Hamiltonian action of k-dimensional torus. (We do not 
require k = n.) Then the image of a moment map is a convex hull of images of 
fixed points. 

In the theory of symplectic toric manifolds, the image of a moment map plays a 
crucial role. 

Definition 3.3. Let {ui, . . . , is a tuple of vectors of Z™. {ui, . . . , u^} is said to 
be primitive, if the sub-lattice span z {ui, . . . , u^} spanned by Ui, . . . ,Uk is a rank k 
direct summand of the free Z-module Z™. We also say that the tuple {Li, . . . , L^} of 
rank one sub-lattices in Z™ is primitive, if there exists a primitive tuple {ui, . . . , Uk} 
of vectors in Z™ such that each Li is spanned by Ui for i = 1, . . . , k. 

Remark 3.4. The notion of the primitivity of a tuple {m, . . . , Uk} of vectors (hence 
the tuple {Zi, . . . , Z&} of rank one sub-lattices) in Z n is invariant under the action 
of GL„(Z). 

Let A be a convex polytope in t*(= M. n ) in t* which is written by 

d 

A= f|Uet*: (u h O>h} (3.1) 

i=l 

for iti, . . . , Ud G K™ C t and Ai, . . . , Ad G M. Without loss of generality, we may 
assume that for i = 1, . . . , d, each intersection A n {£ G t* : {u%, £) = A^} of A and 
the hyperplane defined by = A, is a facet, that is, a codimension one face of 

A. We set 

Z= |/C{l,...,d}: QU eA: K,O = AJ^0|. 

Definition 3.5. The convex polytope A is said to be Delzant, if A satisfies the 
following conditions 

(i) A is rational, that is, u\, . . . , Ud G Z™ C t, 

(ii) A is simple, that is, exactly n facets meet at each vertex of A, 

(hi) A is non-singular, that is, u\,...,Ud (hence Ai,...,Ad) in (3.1) can be 
taken so that {ui} ieI is primitive for each / G 3- 

In the rest of this paper, when we say that a convex polytope A written as in 
(3.1) is Delzant, we assume that u\, . . . ,Ud are taken so that {ui} ieI is primitive 
for each I G 3. 

Delzant shows that a symplectic toric manifold is exactly determined by the 
image of its moment map. 

Theorem 3.6 ([4]). (1) The image of a moment map of a symplectic toric manifold 
is a Delzant polytope. 

(2) By associating the image of a moment map to a symplectic toric manifold, the 
set of equivariantly symplectomorphism classes of 2n- dimensional symplectic toric 
manifolds corresponds one-to-one to the set of Delzant polytopes in t* = R" up to 
parallel transport in t*. 
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Theorem 3.6 says that a symplectic toric manifold is recovered from a Delzant 
polytope. It is done as follows. Let A be an n-dimensional Delzant polytope 
defined by (3.1). As in Example 2.9, for i = 1, . . . , d, each vector m in (3.1) defines 
the circle actions on (T*T™ ,wt*t™) with the moment maps ^ Ui {£,,Q) = (ui,0- 
Since these actions commute each other, we can obtain the simultaneous cut space 
X& = (T*T n ), >A i } i _ 1 d as we described in Remark 2.10. By the definition of 
the Delzant polytope and Theorem A. 3 in Appendix A, Xa is a 2n-dimcnsional 
smooth symplectic manifold. Moreover by Remark 2.7, is equipped with the 
Hamiltonian T"-action with the moment map p : — > i* which is induced from 
the natural T™-action on T*T n in Example 2.3. It is clear that this action is 
effective and the image of p is A. Hence the cut space X^ is the symplectic toric 
manifold which we want. 

From this construction, we can see that a symplectic toric manifold is locally 
identified with the Hamiltonian T"-action on C" in Example 2.2 in the following 
sense. 

Definition 3.7. Let p be an automorphism of T n . Two 2n-dimensional symplectic 
toric manifolds (Xi,ui) and (A2,a>2) are p-equivariantly symplectomorphic, if there 
exists a symplectomorphism ip : (Ai,cji) — * (^2,^2) such that ip satisfies the two 
conditions 

(i) ip(t ■ x) = p{t) ■ (fix) for and t 6 T n , 

(ii) the following diagram is commutative 



X 1 



t* 





(dp)' 



Xo 



t* 



where p\ and P2 are moment maps of X\ and X2, respectively. 

For a vertex v G A which is defined by the exactly n equalities (ui a , £) = A; 
= 1, 



for 



, n, we define the open set U v C A by 

U v = {£_ e A: > A, for ij^h,.. .,i„}. 

Then {p~ 1 {U v )} v:vertC x of A is a open covering of Moreover, for each vertex 
v, there exists an automorphism p v of T n such that (dp^ 1 )* : t* — » t* sends U v 
diffeomorphically to the open set (dp^ 1 )* (U v ) in t> and p^ 1 (U v ) is /?„-equivariantly 
symplectomorphic to ((dp" 1 )* (U v )) 

XaD p- l (U v ) s Vcnddpv 1 )*^)) cC» 



ct 



>o- 



Ad U v = {dp- l )*iU v ) 

We shall show this claim. For a vertex v which is defined as above, p~ 1 (U v ) is iden- 
tified with the open subset of the simultaneous cut space (T*T n )^^ >A . 

of the commutative Hamiltonian circle actions on (T*T n ) defined by Ui j with the 
moment maps p Ui (£, 6) = (u.; i7 £) for a = l,...,n naturally. Now define the 
parallel transport p v of T*T n x C fe by 

for (£,0,z) € T*T n x C fe . Then p v induces the equivariantly symplectomorphism 
from {T*T n ) {llu >x . }a=j n to (T*T") { ^ >0}a=i ^ Then Theorem A.4 in Ap- 
pendix A with the above equivariantly symplectomorphisms implies the claim. 
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4. Twisted toric manifolds 



By the topological construction, a 2n-dimcnsional symplcctic toric manifold Xa 
is obtained from the trivial T n -bundle on a Delzant polytope A by collapsing each 
fiber on the face {£ € A: = Aj} by the circle subgroup generated by 

Ui. By replacing the trivial T"-bundle on A to a T"-bundle on an rt-dimcnsional 
manifold with corners which may be non-trivial, we can obtain the notion of 2n- 
dimcnsional twisted toric manifolds. 

4.1. The definition and examples. Let B be an n-dimensional manifold with 
corners, irp : P — > B a principal SX n (Z)-bundle on B. The T"-bundle and the 
Z™-bundle associated with P by the natural action of SL n (Z) on T n and on Z™ 
are denoted by ttt : Tp — ► B and 7rz : Z P — ► B, respectively. Consider a 2n- 
dimcnsional manifold X, surjective maps v : Tp — > X and /i : X — > B such that 
the following diagram is commutative 




B. 



Definition 4.1. The above tuple {X, ^, fj,} is called a 2n-dimensional twisted toric 
manifold (or often called a twisted toric structure on B) associated with the principal 
SX n (Z)-bundlc irp : P — > B, if for arbitrary b £ B, there exist 

(i) a coordinate neighborhood (J7, </? s ) of 6 S B, that is, U is an open neigh- 
borhood of b in B and (p B is an orientation consistent diffeomorphism 
from U to the intersection t> n D™(£o) of t> and the open disc D"(£o) 
in t* = K" with a center £o & t> and a radius e > which sends b to £q, 
(for the definition of t> , see Example 2.2, ) 

(ii) a local trivialization ip p : 7Tp 1 ([/) = U x SX ra (Z) of P, (then </? p induces 
local trivializations <^ T : ^(U) [/ x T" and ip z : ^(U) ^ U x Z" of 
Tp and Z P , respectively, ) 

(iii) an orientation preserving diffeomorphism ip x : /x _1 ([/) = /ip n (.D™(£o)) 
such that the following diagram commutes 




where /ic is the moment map of T n -action on C™ in Example 2.2 and vc™ is the 
map which is defined by 



^,e) = (VT i e 2vV=lei ). (4.1) 

Note that i/{> is smooth only for (£, 0) with all & > 0. The tuple ([/, </? p , </5 X , <^ B ) 
is called a locally toric chart. If there are no confusions, we call simply X a twisted 
toric manifold. 
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Remark 4.2 (Orientations). We fix the orientations of t> x T n (or T*T n ) and 

C" so that d£i A d6\ A • • • A d£„ A d6J= (-l) n ^ T " Tn > \ and (-l)" ^ c y" are 

rt! n\ 
the positive volume forms, respectively. Then the map vc n in (4-1) preserves the 
orientations, (c.f. Example 2.8) 

Example 4.3 (Torus bundle). Let up : P — > B be a principal SX™ (Z)-bundlc 
on a closed oriented ri-dimensional manifold B. Then the associated T™-bundlc 
itt ■ Tp — > £? itself is an example of a twisted toric manifold associated with 
up : P —> B. In particular, the even dimensional torus T 2n is a twisted toric 
manifold, which is a T n -bundle on T n . 

Example 4.4 (Symplectic toric manifold). A 2n-dimensional symplectic toric man- 
ifold X with a Delzant polytope A has a structure of a twisted toric manifold as- 
sociated with the trivial S'L„(Z)-bundle on A. In fact, as we described in Section 
3, X is obtained from the trivial T™-bundle on A by collapsing each fiber on the 
facet of A by the circle subgroup which is generated by the inward pointing normal 
vector in Z n of the facet. 

Example 4.5 (S" 2 ™" 1 x T 2 ™" 3 ). For n > 2, let S 2 ' 1 ' 1 be the unit sphere in C n . The 
product X = S* 2 ' 1 " 1 x T 2n ~ 3 is a twisted toric manifold associated with the trivial 
SX 2 n-2(Z)-bundle P on the (2n - 2)-dimensional unit disk B = D 2 ' 1 - 2 = {z £ 
C"- 1 : \\z\\ < 1} in C"" 1 . The maps v : T 2n ~ 2 = B x T 2 "~ 2 X and \i : X -»■ B 
are given by 

v(z, 6) = ((v/l-HzIPe 2 -™ ,z),(6 2 ,..., 2n _ 2 )) , 
(jl(w,t) = (w 2 , ■ • ■ ,W n -i) 
for (z,6) e B x T 2n - 2 , and (w,t) £ S 2 "" 1 x T 2n ~ 3 . 

Example 4.6 (Even dimensional sphere). Let A™ be the n-simplex and 9Aq the 
facet of A™ which are defined by 

n 

A™ = U = (6) et*= M n : 6 > o, ^ & < 1}, 

i=l 

n 

= {£=(£,)€ A": £> = 1}. 

i=l 

The 2n-dimensional sphere S 2n in C" x K is equipped with a twisted toric structure 
associated with the trivial SL n (Z)-bundle P on the quotient space B = A™/<9Aq 
of A' 1 by <9(A") which is explained as follows. S 2n can be thought of as the one 
point compactification D 2n /{z 6 D 2n : \\z\\ = 1} of the 2n-dimensional unit disk 
D 2 ™ = {zeC": ||;z|| < 1} in C". With this identification, the maps v : A' 1 x T" -> 
D 2 ™ and ~p : 1W 1 -> A" defined by 

m = (M 2 ) 

for (£, 9) 6 A" x T n and z = (zi) € I) 2 ™ induce the maps v : Tp 1 = B x T n —> S 2n 
and : S* 2 " — > £?, respectively 

Example 4.7. Consider the Hamiltonian T 2 -action on (T*T 2 x C 2 ,ujt*t 2 © w c 2 ) 
defined by 

* • & 0, 2) = (& (0i, 2 + ti - t 2 ), (e- 2 ^* 1 ^, e- 27r ^ Tt2 z 2 )) 

9 



with the moment map $ : T*T 2 x C 2 -> R 2 

*(&M) = (6H*il 2 .-6-N a + i)- 

We should remark that the second component of <£> is added the constant 1. (cf. 
the end of Definition 2.1.) We denote by X its symplectic quotient <J> -1 (0)/T 2 . 
Define the right action of Z on T*T 2 x C 2 by 

(£, 6,z)-n= (fe + n, 6), p(-n)0, ¥>»(«)) 
for (£, 0, z) G T*T 2 x C 2 and n £ Z, where p:7L—> 5X 2 (Z) is the homomorphism 



p(n) 

and 




-1 



n : even 
n : odd 



It is easy to see that the action descends to the action of Z on X, and its quotient 
space X/Z is denoted by X. We shall explain that X is a twisted toric manifold 
associated with the principal SX2(Z)-bundle P on the cylinder B = S 1 x [0, 1] which 
is determined by the representation p : Z = 7i"i(.B) — > SLi(7fc). Let B = Rx [0, 1] 
be the universal covering of £> on which the fundamental group 7Ti(5) = Z acts as 
a deck transformation by 

i-n = (fi + n,£ 2 ). 

Since X is a simultaneous cut space by two S^-actions on T*T 2 corresponding to 
the positive and negative second fundamental vectors e 2 = (0, 1), = (0, —1) in 
Z 2 , the natural T 2 -action on T*T 2 induces the Hamiltonian action of T 2 on X with 
the moment map ~p([£, 0,z]) = £ whose image is equal to B. Consider the following 
commutative triangle of maps 



B x T 2 -X (4.2) 




where v : B x T 2 — > X is given by 
Z acts on B x T 2 by 

(£,0)-n=((fc+n,&),p(-n)0) 

for (£, 0) G B x T 2 and n G Z. Since the maps pr 1; 77, and 71 are equivariant 
with respect to the above Z-actions, these descend to the maps ttt ■ Tp — ► B, 
v : Tp -> X, and fx : X -> 5. 

Example 4.8. Let B be a compact, connected, and oriented surface of genus 
g > 1 with one boundary component and 1) corner points, B\ the open subset 
of B which is obtained by removing a sufficiently small closed neighborhood of 
the boundary from B, and B2 an open neighborhood of the boundary such that 
B\ n B 2 — S 1 x [0, 1], see Figure 2. B has the oriented boundary loop which we 
denote by 7. Moreover, for k > 0, the boundary dB of -B consists of exactly k edge 
arcs which are denoted by 71, . . ., 7fc as in Figure 2. The fundamental group iti(B) 
of _B can be identified with the quotient group F2 g +\/N of the free group i^g+i of 

10 



B 




Figure 2. B, B\, and B 2 

2g + 1 generators ai, f5\, . . ., a g , @ g , 7 by the least normal subgroup N containing 
Y[f=i Pilli an( i define the representation p : tt\{B) — > SX 2 (Z) by 

= (J a ;) , p(a) = (J 1) , p(7) = (J J) . 

p determines the principal SX2(Z)-bundlc P on B as the quotient space Bx p SL n (Z) 
of the action of 7Ti(_B) on the product B x iSX„(Z) of the universal cover B oi B 
and SX n (Z) which is defined by 

(&, 5 )-r = (&-r )/9 (r- 1 )5) 

for (6, g) E B x SX n (Z) and r £ 7Ti(i?), where 6 • r means the deck transformation. 
Its associated T 2 -bundle by the natural action of SL^iJ^) on T 2 is denoted by Tp. 

For k > 3, we fix the 4-dimcnsional symplcctic toric manifold corresponding 
to the Delzant polytopc A with k vertices, and let X2 denote the subspace of 
which is obtained by removing from X& the inverse image p~ 1 (D 2 ) of a small closed 
disk D 2 in the interior of A by the moment map p, : X/\ — > t* = R 2 . We take a small 
open disk D' 2 including D 2 in the interior of A. Since Tp | BinBr> — * B\C\B2 is trivial, 
it can be identified with \T X (D' 2 \TP) -> D'^TJ 2 . Then we can glue Tp\ B -> B 1 

with Xa\^ 1 (D 2 ) — > A\D 2 by this identification to obtain a 4-dimensional twisted 
toric manifold associated with P. 

For k = (resp. A; = 2), by replacing Xa by S 3 x S 1 in Example 4.5 (resp. S" 4 
in Example 4.6) in the above construction, we can obtain a 4-dimensional twisted 
toric manifold in this case. 




Figure 3. gluing Bi and A\D 2 
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Example 4.9. Let B be a compact, connected, and oriented surface of genus one 
with one boundary component and one corner points, B\ the set of interior points 
of B, that is, B\ = B\dB . In this case, consider the principal SX 2 (Z)-bundle P 
on B which is determined by the representation p : tti (B) — * SL2 (Z) 

= (_\ 1) > Pi?) = (I ~i) > P(7) = (_\ J) ■ 

As above, we also denote by ttt ■ Tp — > B its associated X 2 -bundle by the natural 
action of 6X2(2) on X 2 . In this case, ttt : Tp — ■> X is no more trivial near the 
boundary <9X of B, and let us construct the twisted toric structure near dB as 
follows. We define the subset B2 of t> by 

B 2 = {£ 6 t*(= M 2 ) : < 6 < 4, < 6 < 1} U {£ G t* : < £1 < 1, < & < 4}. 

The restrictions ^c 2 Is, xt^ : X 2 X X 2 -> ^(B 2 ) and /i C 2|^_^- 2) : fj,~}(B 2 ) -> X 2 

of 1/^2 and ^2 defined in (4.1) and Example 2.2, respectively, form a commutative 
triangle of surjective maps 

X 2 x X 2 (B 2 ) (4.3) 




B 2 . 

Let {/i and U 2 be open sets of B 2 which are defined by 

U x = U € t* : 3 < 6 < 4, < 6 < 1}, 
17a = {£ € t* : < & < 1, 3 < £ 2 < 4}. 

We define diffeomorphisms <p B : U\ — > E/2, V? T : ^1 x X 2 — > C/ 2 x X 2 , and y x : 

^ fl (0 = (6,7-a), 

^ T (e,0) = (^(e), P ( 7 )0), 

We denote by X 2 the manifold which is obtained from fi~^ 2 (B 2 ) by gluing ^ 2 (U\) 
and pL^l{U 2 ) with and denote by i? 2 the surface with one corner which is 
obtained from B 2 by gluing U\ and U 2 with ip B . B 2 can be naturally identified 
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with a neighborhood of the boundary of B. Since the following diagram commutes 



U x x T 2 



U 2 x T 2 






under the identification of Bo with a neighborhood of dB, the restriction ttt L> : 

Tp| B — > £? 2 of the torus bundle it? '■ Tp — > £> to £> 2 is obtained from the trivial 

bundle p^ : B 2 x T 2 — > £? 2 by gluing f/i x T 2 and [/ 2 x T 2 by <p T , and the diagram 
(4.3) induces the following commutative triangle of surjective maps 




where z/ 2 and /i 2 are maps induced by v^t. and /j,£2 , respectively. It is easy to 



see that the restriction /x 2 



/ij 1 (Bins 2 : 



: (£1 n B 2 ) -> Si H B 2 is a T 2 -bundlc 



with the structure group SX 2 (Z) and the restriction of z/ 2 to Tp\ 



is a bundle 



to fi 2 1 n £> 2 ) ■ Thus we can patch 7Tt I 



T 2 \ 
1 p\b 1 



isomorphism from Tp\ B n 

B\ with fj,2 : X 2 — > £> 2 by this isomorphism to get the twisted toric manifold 
H : X B associated with 7r : P — > _B. 



4.2. A remark on compatible symplectic forms. Let B be an n-dimensional 
manifold and X a 2n-dimensional twisted toric manifold associated with a principal 
<SX„(Z)-bundlc P-*Bon B. For each locally toric chart (U, tp p , (p x , (p B ) of X, we 
have a symplectic form on /x _1 (C/) which comes from wc« on (/J,gn)(ip B (U)). In the 
definition of twisted toric manifolds, we do not assume that these local symplectic 
forms are patched together to a global symplectic form of X. In this section, we 
shall investigate the condition for these forms to be patched together to a global 
symplectic form on X. Let (U a , (p B , ip* , tp B ), (Up, <fp, tpp ,(f B ) be two locally toric 
charts of X which satisfies U a p = U a C\ Up ^ 
the transition function of P and set 



We denote by gp a : U a p — > SL n (Z) 



<Pp a 



^a=^L ? i (£7 ^)°(¥'aL- 
^/3a = l¥>/3 l^-i(C/ a/3 ) 



)°(^ 



We also define the maps gp a 
<p B (U a p) x T" by 

90a = 9Pa ° {(fi B 



Vp (U a p), 
U a p x T" — > U a p x T", 

- S£„(Z) and <^ Q : <^(C/ a/3 ) x T" 



x idr« 



x idr") 



Note that they satisfy the following conditions 

ip^ a (b,e) = (b, g0a (b)e), 
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for (b, 9) g U 0a x T n and (£, 9') e ^f(^) x T" 



7T T 1 (i7 a/ 3) 





























9& 







¥>f (E/ a/3 ) X T' 1 



M _1 (fa/J) 



Mc»(^(^/3)) 




V/3 




Proposition 4.10. (/?JF Q preserves the symplectic form uj£n on %(^([/ a /3)), i/ 
and onZy £/, to additive constant, ifg a is of the form <fip a (£) =* (.9/3a(C)) 

Proof. Since for k — a, (3, the symplectic form a>{> on (a*c» (Vfe (^fc))) comes from 
uiT*T™ on cpf?(Uk) x T" C T*T n by symplectic cutting, it is sufficient to see the 
condition that <j5j Q preserves u>t*t™ ■ Whereas 



j,fc=l \i=l 



preserves wt-t™, if and only if 



(ff/3a(0) 



3jfc, 



d6*j A dxk, 



that is, the Jacobi matrix ( 



) is equal to '(<7/3a(0)~ 



constant, this implies the lemma. 



Since is locally 
□ 



Definition 4.11. Let u) be a symplectic form on a twisted toric manifold X. u> 
is said to be compatible with respect to the twisted toric structure of X, if for 
each locally toric chart (U,<p p ,(p x ,(p B ), the restriction of uj to is equal to 

Example 4.12. A 2n-dimensional torus T 2n is a twisted toric manifold, because 
T 2n itself is the trivial n-dimensional torus bundle on a ?i-dimcnsional torus. The 
symplectic structure on T 2n which is induced from that of M. 2n is compatible. 

Example 4.13. The symplectic structure of every symplectic toric manifold is 
compatible with respect to the natural twisted toric structure. 

Example 4.14. The product of an even dimensional torus and a symplectic toric 
manifold has a compatible symplectic structure. 

Question 4.15. Are there any twisted toric manifold associated with a non trivial 
principal SL n {"L) -bundle which has a compatible symplectic form? 



5. The classification theorem 



In this section, we shall prove the classification theorem for twisted toric mani- 
folds. Let B be an n-dimensional manifold and irp : P — > B a principal SL n (Z)- 
bundlc P — ► B on B. We continue to use same notations for associated T n - and 
Z™-bundles as in Section 4. In this section, we assume that dB ^ 0. For arbitrary 
b e B, define 

n(b) = #{i:<p B (b) i = (e i ,<p B (b))=0}, 

i 

where is the ith fundamental vector =* (0, . . . , 0, 1, 0, . . . , 0) of Z" and ip B is 
a local coordinate on a neighborhood of b defined as in (i) of Definition 4.1. Note 
that n(b) does not depend on the choice of ip B . Let S^B be the fc-dimcnsional 
strata of B which is defined by 

S (k) B = {beB: n(b) = n-k}. 

Let ttc : £ -> S^'^B be a rank one sub-lattice bundle of the restriction tt-A D : 
Zp| 5( „_ 1)B — * S^™ -1 ^ of the associated Z n -bundle 7rz : Z P — > £> to the codimen- 
sion one strata S^^^B. 

Definition 5.1. 7T£ : £ — > 6>(" _1 )_B is said to be primitive, if for arbitrary point 6 
of the fc-dimensional strata S^ k >B, there exist 

(i) an open neighborhood U of b £ B whose intersection t/ n 5^™ _1 ^-B with 
S^ n ~^B has exactly n — k connected components ([/ n l S^" _1 - ) i?)i, . . ., 

(t/ns^- 1 ^)^, 

(ii) a local trivialization : P| = U x SX n (Z), 

(iii) a primitive tuple . . . , L n -fc} of rank one sub-lattices in Z™ 

such that the associated local trivialization <y? z : Z p | = [/ x Z™ of </3 P maps each 
£ l(trns(»-i)B) B t0 (UnS^B) a x L Q 

£/ x Z" 
U 

(J7 n S^ n ~^B) a x Z" 

u 

(c/n^™- 1 )^). x l„ 



Remark 5.2. (1) Definition 5.1 does not depend on the choice of a neighborhood 
U in (i) of Definition 5.1, since the notion of primitivity is invariant under the 
action of 5X„(Z). (cf. Remark 3.4) 

(2) The automorphism group Aut(P) of P acts on the set of primitive rank one 
sub-lattice bundles of ttz : Zp| 5( „_ 1)B — > S < - n ~ 1 ' > B as the automorphisms of the 
restriction of the associated lattice bundle 7Tz : Z P —> B to S^^'B, 

Theorem 5.3. For any twisted toric manifold X associated with a principal SX„(Z)- 
bundle TTp : P — ► B, there exists a primitive rank one sub-lattice bundle ttc x : 
Cx — * S( n ~ 1 'B of 7Tz : Zp| 5(n _ 1)B — > (S^™ -1 ) B which is determined uniquely by X. 
TTc x '■ £x — * S^^'B is called a characteristic bundle of X. 

To prove Theorem 5.3, we need some preliminaries. Let (U a ,(p p ,ip^,if B ), 
(U/3,(p P ,<pp ,p B ) be two locally toric charts of X with non empty intersection 
U a p = U a fl Up ^ 0. We also use the notations defined in Section 4.2. Let Zj be the 
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i v 

U 

7« I ~ 

-P|((7n5<™- 1 )B) Q _ 

u 

C\ — 

i 'l(!7nS("- 1 )S) a — 



for a = 1, . . . , n — k. 



rank one sub-lattice of the free Z-module Z" which is spanned by e,. For j = a, (3, 
we define 

Zi = {i6{l,...,n}:{fe <ff(U aP ) : (f , ei) = 6 = 0} # 0} . 
For any i a € 3 a , there exists a unique ip G 3^ such that 

^L(U 6 ^(C^a): (£,eO = = 0}) = U € ^(C/ Q/3 ): = ^ = 0}. 

Lemma 5.4. for swc/i i a € 3 a and ip G 3^, 

gp a (b)Z ia = Z i/3 
for all b G G ¥>£(E/ Q/3 ): (£, O = &„ = 0}) C C/ Q/3 . 

Proof. Since g^o, is locally constant, it is sufficient to show the lemma on the set 

e (C^9): 6 = 0, 6 > 0, for i ^ *„}). 
Let 6 G Of) _1 ({£ G ip%(U aP ): = 0, & > 0, for i ^ The reaction 

on C™ in Example 2.2 preserves Mc» (^a 0*)) which is naturally equivariantly dif- 
feomorphic to T n /Sj with the natural T"-action, where Sj is the circle sub- 
group generated by e; Q . Under this identification, the restriction (vc n )tp B (b) '■ 
prj" (<£^(o)) — ► fJ*c,n(<Pa(b)) of Mr> to the fiber at ^(6) can be thought of as 
the natural projection from T™ to T™/ S?- . The same argument allows us to iden- 
tify (^C") v |((,) : P r i~ (^f (^)) ~^ A^C" (vf (&)) with the natural projection from T" to 
T n /S} g . The commutativity z^C"° (vf x idr-) V^Q°(^f x idr") -1 = pjfoQi'o im- 
plies g/3a(b)(Sj a ) = , and since the integral lattice of Lie(Sj. ) is equal to Z^. and 
9f3a(b) G SL n (Z) C Aut(T n ), by taking the derivative ff/3 a (o) : Lie(S£j -» Lie(5^), 
9pa{b) sends Zi a to Z^. □ 

Proof o/ Theorem 5.3. Let C/ Q be a locally toric chart with U a n S^-^B f 0. If 
necessary, by shrinking C/ Q , we can assume that there exists a unique i a such that 

C/ Q n^')5 = {v B a r\v B a (u a ) n {£ G f: = o}). 

Let us consider the trivial rank one sub-lattice bundle E/ Q n S( n ~ 1 'B x Zi Q — * 
t/ Q n S (n -^B of s(n _ 1)B on U a n S^^B, where Z ln is the rank one sub- 

lattice of Z™ which is generated by i Q th fundamental vector ei a . Lemma 5.4 implies 
that these sub-lattice bundles on locally toric charts which satisfy the above condi- 
tions are patched together to the rank one sub-lattice bundle irc x '■ &x — > S^ n ~^B 
of Zp| 5(n _ 1)B on S&^'B. From the construction, the primitivity of nc x ■ C-x — * 
i s obvious. □ 



Example 5.5. Consider the characteristic bundle of the twisted toric manifold in 
Example 4.7. Let tt : dB(= R x {0,1}) ->■ dB(= S 1 x {0,1}) be the universal 
covering space of the boundary dB of B. The restriction of 7rz : Zp — > P to <9i3 
is the Z 2 -bundle Si? x p Z 2 associated with 7r : <9£? — > <9£? by the homomorphism 
p : Z — > SL2CZ) defined in Example 4.7. The primitive rank one sub-lattice {0} x Z 
of Z 2 is preserved by the action p, and in this case, the characteristic bundle is the 
associated bundle tt : dB x p ({0} xZ)-> dB by the induced Z-action on {0} x Z. 

Example 5.6. In the case of Example 4.9, the restriction of the associated Z 2 - 
bundle ir% : Zp — > B to the neighborhood B2 of <9B is obtained from the trivial 
bundle pr x : B2 x Z 2 — > i?2 by the similar way as in the case of the construction of 
the restriction Tp | B , that is, by gluing U\ x Z 2 and U2 X Z 2 with the diffeomorphism 

(/ : C/i x Z 2 -> U 2 x Z 2 

^K,0 = (^(O.p(7)0- 
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The characteristic bundle is obtained by gluing two trivial sub-lattice bundles 
pr 1 :{eeB 2 ;0<?i, 6 = 0}x({0}xZ)->{£e5 2 :0<£i, 6 = 0}, 
prj :{{efl a :€i = ) D<&}x(Zx {0}) -> G S 2 : & = 0, < 6} 

of : B 2 x Z 2 — > B 2 with restrictions 

& =o } x( { o}x Z ) = U e CT i: & = 0} x ({0} x Z) 

-» U G ^2 : 6 = 0} x (Z x {0}) , 
^| UeC/l : 42=0} : {e e C/i : 6 = 0} ^ {C G C/ 2 : 6 = 0} 
of diffcomorphisms ip^, ip B , respectively. 

Fix a principal SX n (Z)-bundlc irp : P — > B on an n-dimensional manifold £> 
with corners. 

Definition 5.7. Two twisted toric manifolds {Xi, i/i,fii} and {X 2 , 1^2,^2} associ- 
ated with 7Tp : P — > i? are topologically isomorphic, if there exist an automorphism 
-0 P of 7Tp : P — > _B which covers identity map of B (then ip p induces the automor- 
phism -0 T of ttt ■ Tp — ► B), and a homeomorphism from X\ to X 2 such that 
the following diagram commutes 




Note that since the restriction v i\^-i^ B \ dB ^ '■ 7r T 1 (B\<9i?) — ► \i i 1 (B\dB) is a dif- 
feomorphism for i = 1,2, so is | M -i( B \ aB ) '■ L i i 1 (B\dB) — > p^ 1 (B\dB). 

Let {(?7 a , )}aGr be a coordinate neighborhood system of B. In order to show 
the classification theorem, we assume the following technical conditions 

(i) each coordinate neighborhood (U a ,tp B ) satisfies the condition (i) of Defi- 
nition 4.1, 

(ii) on a overlap U a p = U a n Up with U a p n dB 7^ 0, if ip^ a sends {£ e 
ip a {U a [3): £i = 0} to {C G <Pi3(U al3 ): Cj = 0} for some i, j, then v?f Q 
satisfies 

on a sufficiently small neighborhood of {£ € <p a (U a p) ■ = 0} of (faiUap)- 
In the case where B is a surface, J5 has such a coordinate neighborhood system. In 
fact, by taking a coordinate neighborhood near dB as in Example 4.9, we can adopt 
the composition of a rotation and a parallel transport in t* = M 2 as a coordinate 
changing function. 

Theorem 5.8. Assume B has a coordinate neighborhood system with the above 
properties. Then by associating the characteristic bundle to a twisted toric manifold, 
the set of topologically isomorphism classes of twisted toric manifolds associated with 
ttp : P —t B corresponds one-to-one to the set of equivalent classes of primitive rank 
one sub-lattice bundles on S^ n ~^ B ofL p \ s{n _ 1)B by the action of the automorphism 
group of P. 
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Proof. It is easy to see that the map which associates to an isomorphism class of 
a twisted toric manifold the equivalence class of the characteristic bundle is well- 
defined. For two twisted toric manifolds X\ and Xi whose characteristic bundles 
are in the same equivalent class, there exists an automorphism ip p of P such that 
induced automorphism -ip 1 of Z P sends the characteristic bundle of X\ to that of 
X2 ■ Then it is easy to see from the construction of the characteristic bundle that the 
automorphism ip T of Tp induced by ip p descends to the topologically isomorphism 
%l) X from X\ to X2. This implies the injectivity. 

Conversely, for each primitive rank one sub-lattice bundle ir c : C -> S^'^B 
of Z P \ s{n _ 1) B on S&^'B, we can construct a twisted toric manifold whose char- 
acteristic bundle is equal to C in the following way. Let (U,ip B ) be a coordinate 
neighborhood of B which satisfies the condition (i) of Definition 4.1. We set 

k = #{i:3£etp B (U) Cf> s.t. 6 = 0}. 

If k = 0, just define ^(U) = ^(U). If k > 0, let 

{h,...,i k } = {i:3t£<p B (U) fl .t.& = 0} 

and we denote by (U (1 S^ 71-1 ^ B) a the connected component of U nS'"" 1 '^ which 
satisfies 

<p B {(U n S^B) a ) = {£ G <p B (U) : £ ia = 0, & > for i ^ z a } 

for a = l,...,k. Since 7T£ : C — ► S^^'B is primitive and J7 is contractiblc, 
there is a local trivialization : 7Tp 1 (C/) — > C/ x 5L n (Z) (hence <p p induces 
(p z : 7r^ 1 (C7) — > [/ x Z") and a primitive tuple {Li, . . . , L/-} of rank one sub-lattices 
of Z™ such that (/ trivialize ^((E/ n S (n -^B) a ) = ({/ fl S^ 1 ^),, x L n . If 
necessary, by applying an element of SL n (Z) to {Li, . . . , L fe }, we may assume that 
L a is equal to the rank one sub-lattice Z ia in Z™ spanned by the z a th fundamental 
vector ei a for a = 1, . . . ,k. This is possible because {Li, . . . , L^} is primitive. Let 
if? : 7Ty 1 (J7) = <£ B (U) x T™ be the composition of the trivialization ip T : 7Tp 1 (J7) = 
U x T n which is induced by (p p and tp B x idpn . Consider the composition of ^ 
and the map vgn : ip B (U) x T n -> ^(v3 S (C/)) which is defined in (4.1). On 
U\dB, this gives the orientation preserving diffeomorphism from tt^ 1 (U\dB) to 
Mc™ (f B (U\dB). We define /x _1 (E7) to be the space obtained by gluing Tv^}{U\dB) 
and fj,^((p B (U)) by this map. 

Let {(E/q., <p p )} a gr be a coordinate neighborhood system of B which satisfies 
the assumption before the theorem. We apply the above construction to each 
(U a , ip B ). For each overlap with U a n Up n dB 7^ 0, it is easy to check from the 
second condition in the assumption, Lemma B.2, and Lemma A. 4 that the transition 
map Lp r a : (p B (U a p) x T n = ip B (U a p) x T n defined in Section 4.2 descends to 
the orientation preserving diffeomorphism from fi^ n {ip B (U a p)) to ^l{(p B {U a p)). 
Then we can glue ^ _1 (C/ Q ) for all U a to obtain the twisted toric manifold X whose 
characteristic bundle is equal to C. This implies the surjectivity. □ 

6. Topology 

Let 7rp : P — > B be a principal <SX„ (Z)-bundlc on a n-dimcnsional manifold B, 
7rp : Tp — ► £? the T ra -bundle associated with P by the natural action of SL n (Z) on 
T", X a 2n-dimensional twisted toric manifold associated with P. 

6.1. Fundamental groups. In this section, we shall investigate the fundamental 
group of X. Let b E B be the base point which is located in the interior of B. Fix 
the base point yo <G 7Tp 1 (6) and set xo = v{yo) € X. Since T n is identified with 
R n /Z", 7rp : Tp — > £? has the zero-section St- Then the homotopy exact sequence 
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for Tp splits into the short exact sequence, and 7!"i(Tp,yo) is isomorphic to the 
semi-direct product tt\ (n^, 1 (b), y ) xi -Ki(B,b) of 7ri(7T^ 1 (&), ?/o) and -K\{B,b). The 
section sp also defines the section sx of fi : X — > B by sx = v o sp which also gives 
the identification of tti(X, Xq) with the semi-direct product ker/i* x TTi(B,b). 
Let us consider the following commutative diagram of homomorphisms 

{1} -Tn^^j/o) ti (!?,!«,) -^^(5,6) {1} (exact) 



{1} >■ ker ^i* s- tti(X, xo) P * > 7Ti (B, b) >■ {1} (exact), 

where i : 7Ty 1 (6) Tp is the inclusion map and k : 7ri(7r^ 1 (&), j/o) ~~ ► kerzx* is 
defined byK = i/, ot,. 

Lemma 6.1. TTie map k : 7ri(7rp 1 (6), j/o) — * ker/x* is surjective. 

Note that the surjectivity of the map k is equivalent to that of i/* since sx» = 
o st*- 

Proof. Since b is in the interior of B, the composition map vol: 7Tp 1 (6) — ► /i _1 (6) 
is a diffeomorpshims which sends yo to mo- Then it is sufficient to show that every 
element of ker/x* is represented by the loop in /i _1 (fe). Let a <G ker/x* and take 
its representative a' : I —> X with a'(O) = a'(l) = ieo- This means that the map 
/x o a' : I — > _B is homotopic to the constant map &. Then if necessary, by replacing 
a representative of a, we can assume that there exists a contractiblc locally toric 
chart U located in the interior of B such that the image of a' is included in /x _1 ([/). 
Since U is a locally toric chart which is included in the interior of B, ^~ 1 ([7) is 
diffeomorphic to U x T n , and the fact that U is contractiblc implies that /x _1 (&) is 
a deformation retract of /x _1 (£7). We take a deformation map h : I x /x _1 (f/) — > 
^ _1 ([/) which satisfies /i(0, ■) = id^-irm and ft(l, •) : /x _1 (J7) — > xt -1 ^). Then 
the map h(s,a'(t)) is the homotopy connecting a' with the loop a = h(l,a'(t)) in 

Since SL n (Z) is discrete, P is a flat SL n (Z)-bundle. Then, Tp also has the flat 
connection which is induced from that of P. Let 7 : I — > _B be a path of J5 which 
starts from the base point 6, and Hol 7 : 7r T 1 (6) — > 7Tp 1 (7(l)) the parallel transport 
of Tp with respect to the induced flat connection along 7. For 7 : I — > _B, define 
the subset if 7 of 7Ti(7Tp 1 (6), yo) by 

# 7 = {a £ ^(TTp 1 ^),^): (i/oHbl^),(o) = 1}. 

We denote by X the subgroup of tti^tt^, 1 (b), y ) which is generated by U 7 -ftT 7 where 
7 runs over all paths of B which start at b. Then the following lemma is obvious. 

Lemma 6.2. The subgroup K is included in the kernel of k. 

Theorem 6.3. If B has at least one corner point, then /x : X — ► B induces the 
isomorphism /x* : ni(X, xq) = nx(B,b). 

Proof. Let us show K = 7Ti(7Tp 1 (6), yo). Let 7 : I — > £> be a path which starts at 6 
to the corner point 6' of B. Since ix _1 (6') consists of only one point, the composition 
map v o Hol 7 : 7Tp 1 (6) — > /x _1 (6') sends every loop of 7Tp 1 (&) to the constant map. 

This implies if = 7Ti(7Tp 1 (6), yo)- D 

Remark 6.4. From facts that the homomorphism /x* : 7i"i(-X", xo) — ► tti(B, b) of fun- 
damental groups induced by \i : X — > £? is surjective and that complete non-singular 
toric varieties in the original algebro-geometric sense are simply connected [6], we 
can see that twisted toric manifolds associated with principal SX„(Z)-bundles on 
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non-simply connected manifolds, such as those in Example 4.7 and 4.9, are not toric 
varieties. In particular, these are not symplectic toric manifolds. 

6.2. Cohomology groups. Since [i : X — * B has a section, as described in the 
last subsection, the induced homomorphism /j,* : H 1 (B; Z) — > H 1 (X; Z) is injective. 
In particular, if B has at least one corner point, \i* is isomorphism. 

In this section, we shall give the method to calculate not only the first cohomology 
but also the full cohomology group of a twisted toric manifold. For topological 
tools which we use in this section, see [10]. Let X be a 2n-dimensional twisted toric 
manifold associated with a principal SL n (Z)-bundle on a n-dimensional manifold 
B, and TJ5 the T n -bundle associated with P by the natural action of SX„(Z) on T n . 
Note that since SX„(Z) is discrete, P is flat, hence this induces the flat connection 
to 2?. 

Assume B is equipped with a CW complex structure. For each p-dimensional cell 
eW (we often say simply p-cell), let c be the barycenter of e^ p \ the map <p : Dp — > B 
denotes the characteristic map of from the p-dimensional closed ball D p to B. 
Define the map $ T : W x tt" 1 (c) -> Tp by 

^(d,0)=Hol£ O7 (0) 

for G Dp x tt^^c), where 7 : [0,1] -> 2> is a path with 7(0) = c and 

7(1) = d and Hol^ 07 : (Tp) c — > (Tp)<j is the parallel transport of TJ5 with respect 
to the induced connection along ip o 7 : [0, 1] — ► B. Note that Hol^ 07 does not 
depend on the choice of 7, since Dp is contractible. We shall assume that the cell 
decomposition of B satisfies the following conditions 

(i) the restriction of /i : X — > B to each p-dimensional cell is a (trivial) 
torus bundle, 

(ii) for each p-dimensional cell e^ p \ the map if? induces the map <p x : Dp x 
/i~ 1 (c) — ► X such that the following diagram commutes 

DP X 7Ty(c) DP X M (c) 




Remark 6.5. This assumption is achieved when each p-cell is included in a 
fc-dimensional strata S^B of -B. Since the characteristic map y sends the interior 
D p of Dp homeomorphically to e^ p \ k is necessarily equal or greater than p. 

In the rest of this section, we shall assume the condition in Remark 6.5. Let 
BW be the p-skeleton of B, and (T£)W = tt^^-BW), iW = /i'^SW) its inverse 
images by 7Tt : Tp B, ^1 : X B, respectively. We consider the spectral 
sequence {(-Eof)r' 9 , d*} with respect to the filtration 

5*(X;Z) D S*(X, X*- -*; Z) D • • • D S*(I,lW;Z) = 

of the singular cochain complex with coefficient Z. {(Ex)r ,q , d*} is called the co- 
homology Leray spectral sequence of the map /i : X — > B. Let be the barycenter 
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of the p-cell e\ . As mentioned before, we can identify the fibers ir^ (c A ) and 
/i _1 (c A ) with tori. Then v co : 7r^ 1 (c^ > ' > ) — > £t _1 (c A ) can be thought of as a 
surjectivc homomorphism between them, and we have the exact sequence of tori 

- W( P) - tt^c^) /x" 1 ^) - 0. 
Since any exact sequence of tori splits, the map v < P ) induces the injective homo- 
morphism v*, p) : H*(fi~ 1 (c^); Z) H* (tt^, 1 (c{ p ^); Z) which enable us to identify 

Wipr 1 ^);!.) with its image in ^(^(c^); Z) by z/* (p) . 

Let (C P (B\ Hj,),6) be the cochain complex of the CW complex B with the Serre 
local system of the gth cohomology with Z-coefficient for the torus bundle ttt '■ 
Tp -> B. We denote by C p (B;H q x ) the subset of C p (B;H q T ) whose cochain takes 

a value in the image u* (p) (iT'Ou" 1 ^); Z)) of gth cohomology F^" 1 ^); Z) 
by for each p-cell e A p ' . 

Theorem 6.6. C P (B;TC X ) is preserved by the differential 5 of C p (B;1i.^), so 
that C p (B;Tt q x ) is a sub-complex of (C P (B; H.^), S). We denote its cohomology 
by H p (B;TL q x ). Then we have the isomorphisms 

(E x ) p > q - C p (B;H q x ), (E x ) p > q £ H p (B;H q x ), 

(E X ) P J = F p H p+q (X;Z)/F p+1 H p+g (X;Z), 

where F l H k (X;Z) is the image of the map H k (X,X (t - 1 '>;Z) -> H k (X;Z). 

Proof. Let {{ET) p ' q ,d T } be the cohomology Serre spectral sequence of the torus 
bundle tit ■ Tp — ► B, that is, the spectral sequence with respect to the filtration 

5*(I?;Z) D S**(T£,(T£) (0 >;Z) D ••■ D S**(T£, (T£)( n) ; Z) = 

of the singular cochain complex with coefficient Z. By the excision isomorphism, 
the above assumption, and the Kiinneth formula, for Si-terms, we have the iso- 
morphisms 

(E T f{ q = H p+q {{T^) {p \ (T£) (p - 1} ;Z) 

A 
A 

= J2 H P (T^ X , d~D p \] Z) ® Z), 

A 

{E x f{ q = H^iX^KX^-^-Z) 

= 2 B^{jT^) t M" 1 ^ - e« ); Z) 

A 

^^ J ff^((S^ A ,5SP A )XM- 1 (4 p) );Z) 

A 

= ^ # p (SF A , 8W X ; Z) ® # 9 {pT 1 (c A p) ) ; Z) , 

A 

where the sum runs over all p-dimensional cells e\ . On the other hand, by the 
injectivity of the homomorphism v* ip) : H* (/i~ 1 (c A P ' ) ); Z) ff* (ir^, 1 (c A ); Z) and 
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the assumption (ii), the map v : (Tp)^ — > X^ induces the natural injection 
v* : (Ex)i' q (Et)i' 9 such that the following diagram commutes 



(E T )™ S J2x HP(DP X , dDP x ;Z) <g> ff^TT^cf); Z). 

Moreover it is well known that the Si-term {(Ex)\ ,q : df} of the Serre spectral 
sequence is isomorphic to the CW complex (C P (B; H^), 6) with the Serre local 
system for the torus bundle ttt ■ Tp — ► B. This fact and the naturality of the 
maps in the spectral sequences prove Theorem 6.6. □ 

Remark 6.7. (1) For q = 0, it is easy to see that (E x f 2 ° = H p (B;H q x ) = 
H P (B; Z). Moreover (E x ) p ' q = 0, if q or p is greater than half the dimension of X. 
(2) If n = 2 and dB ^ 0, we can take a cell decomposition of B so that all zero cells 
are included in dB. In this case, the Leray spectral sequence {(E x ) p ' q , d*} degen- 
erates at £ 2 -term. In fact, dB ^ implies (E x ) 2 2 ° = H 2 {B;H° X ) = H 2 (B; Z) = 0, 
and since e[ 0) e dB, the fiber M" 1 ^) of fi on e{ is diffeomorphic to the torus 
whose dimension is equal or less than one. Then (Ex)®' 2 — (Ex)°{ 2 = C°(B; Ti. x ) = 
0. 

Corollary 6.8. The Euler characteristic x(X) is equal to the number of the 0- 
dimensional strata 5'°' B of B. 

Proof. Let us consider the rational coefficient cohomology Leray spectral sequence 
{(Ex)™, d?} of the map [i : X -> B. Define 

X((E X )r) =Y / (- 1 ) P+C ' d ™®( E xTr q - 

p,q 

Since (E x fi q = C p {B;H q x ), 

x((i;x)i)-E(- 1 ) P+9dim Q^)i 



p.q 



{-l) p+ i &m^C p {B;H q x ) 



p. ii 

E 

p.q 

^(-lr^dimQ^^ 1 ^); 

p.q A 



^^(-^M^cf )), (6-1) 



A 



where the summation Ea runs over all p-cells. From the construction of the twisted 
toric manifold, we have 



(/■<) 



€ S^B 



I otherwise. 

By the assumption of the cell decomposition of B, <E B if and only if 
is the barycenter of the 0-cell in S^B, in particular, p = 0. Then (6.1) is equal to 
the number of S^B. On the other hand, it is easy to see 

x((E x ) r )= X ((Ex)i) 

for any r, and since B is compact and all fibers of /z have finitely generated coho- 
mology groups, we can obtain 

{Ex)oo = (Ex)r 
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for sufficiently large r. Moreover, from (E X ) P J = F p H p+c i{X; Q) /F p+1 H p+q (X; Q), 
we can easily check that xPO = x((Ex)co)- This proves the corollary. □ 

In the rest of this subsection, we shall calculate the cohomology groups for some 
examples. 

Example 6.9 (Example 4.7). Let us calculate the cohomology group for Example 
4.7. Let Q = [0, 1] x [0, 1] be the square in M 2 . In this case, B is a cylinder, so 
B is obtained from Q by identifying each point (0,£ 2 ) with (1,62) m Q- Then we 
have the natural map from Q to B which is denoted by <p : Q — ► B. Q gives a cell 
decomposition of B as in Figure 5. The pull-back of the triangle of commutative 



e (0) 

e 2 ■ 


e (1) 






e (2) 






/ 

/lo 


e (1) 

e 2 


4°> 





6 



Figure 5. Q and cell decomposition 

maps 7Tt : Tp — > B, : Tp — > X, and /i : X — > i? by are naturally identified with 
the restriction of the triangle (4.2) in Example 4.7 to Q 




where ^ : Q x T 2 — > Tp and <p A " : /i J (<5) — > X denote the induced fiberwisely 
diffeomorphisms by pull-back. Under the identifications of fibers by tp 1 " and <p x , 
the fibers ^t -1 (c^ p ' ) ) on all cells e^ p ' except for and e' 2 - 1 are diffeomorphic to 
T 2 /(0x5 1 ) and the map v ( P) = v\ _i. < P ). : 7Tp 1 (cl p ' 1 ) — -> /i _1 (cl p ' ) ) can be identified 
with the natural projection T 2 — * T 2 /(0 x S 1 ). Then the image of the induced 
injection v\ v) : H q {n~ 1 {c^))'L) -► F^tt^c^); Z) can be given by 

!Z g = 

Z©0 g = l (6.2) 
otherwise. 

On the cell = e£ , e^ 2 \ the fiber /i _1 (c^) is naturally diffeomorphic to 
^ T 1 (ci P) )-T 2 by V w . 
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For q = 0, the cohomology H P {B;H° X ) of (C P {B;H° X ),S) is naturally identified 
with the cohomology H P (B; Z) with Z-coefHcient. 

For q = 1, the degree p cochain u E C P (B: Ti x ) takes a value as follows 

{ZffiO p = 0, orp = 1 and A= 1,3 
ZfflZ p = 1 and A = 2, or p = 2 
otherwise. 

All differentials S p : C P (B; H x ) C p+1 (B; H l x ) vanish except for p = 0, 1, and for 
p = 0, 5° : C°(B;H X ) -> C^B;^) is given as follows 

(A t ) ( C W)=« p(l)- l U (eW)-u(ci°>), 
(^)=«(4 0) )-«(ei 0) ), 

Fix the path 7 which starts from to . For each 4 , let 7^ be the path which 
connects 4 and 4 counterclockwisely along the boundary of Q. We identify 
each fiber 7T^ 1 (cl 1 ^) with 7r^ 1 (c' 2 - ) ) by the parallel transport along the composition 
of the paths 70 and 7^ with respect to the connection induced from that of P. Then 
5 1 : C l {B;H x ) -> C 2 (B;H X ) is given by 

(S l u) (e«) = u(e«) + 4 p(l)- 1 u(e< 1) ) +* piirMe^) -* 9(1)^ pi-iy^e^)- 
Then the cohomology groups are obtained by 



H p {B-n x ) = 



Z/2Z p = l,2 
otherwise. 



For q = 2, the degree p cochain u € C P (B; H x ) takes a value as follows 
^(4 P) )e<< P , {H\^-\cf );Z)) 



^ Cfrl/.."!^)!.^ - J Z p = 1 and A = 2, or p = 2 

I otherwise. 



In this case, all differentials S p : C P (B;H 2 X ) -> C P+1 {B;H 2 X ) vanish. It is clear 
except for p = 1. For p = 1, since the holonomy p{— 1) along e^ 1 -* (resp. p(l) 
along 4 ) induces the identity of H 2 (ir^ 1 (4 )i Z) (resp. if 2 ^^ 1 ^ '); Z)), the 
differential (5 1 : C 1 — > C 2 is given by 

<5Ve (2) ) = "(ei 1} ) + + "(4 1] ) - m (4 1} ) = - «(4 1) ) = 0. 

Then the cohomology groups are obtained by 



H p {B-H x ) 



Z p=l,2 
otherwise. 



The table for the i?2-terms is in Figure 6. In particular, the Leray spectral sequence 
is degenerate at £' 2 -term in this case, and the cohomology groups of X are given 
by 

k = 0,1,4 
Z/2Z k = 2 

Z0Z/2Z fc = 3 
otherwise. 



H k (X;Z) 



1 



2 





z z 


1 





Z/2Z Z/2Z 





z 


Z 







1 2 



Figure 6. the table of (i^^-terms for Example 4.7 



Example 6.10 (Example 4.8 with k = 0). Let us calculate the cohomology for 
Example 4.8 with k = 0. In this case, B is a compact, connected, oriented surface 
of genus g > 0, with boundary. (We include the case of g = 0, in which case, 
X = S 3 x 5 1 .) Let Q4 9 +i be the polygon with 4g + 1 edges. Q^g+i gives a cell 
decomposition of 5 with one zero- cell e< 0) , 2. 9 + 1 one-cells e , 
one two-cell as in Figure 7. In the cell decomposition, one-cell e-^i-ii e 2i' ') an< ^ 



4ff+l» and 



(D- 1 





(1) Q49+1 for g = l and A: = 



(2) Q4 g +k for g = 1 and k > 



Figure 7. polygons Q4 g +i for k = 0, Q4 g +fc for fc > 0, and the 
cell decompositions 



e 2g+i correspond to a.;, /3j, and 7 in Figure 2, respectively. -B can be obtained 

from Q^g+i by identifying the oriented arrows corresponding to e'p for i = 1, .... 
2g. Then we have the natural map 99 : Q4 g +i — *■ B. In this case, the pull-back 
bundle f*Tp is identified with the trivial bundle Q4 g +i x T 2 and the pull-back 
ip*X of X is identified with the quotient space of Q4 g +i x T 2 which is obtained by 
collapsing each fiber on the one-cell e%g + i and all vertices of Q4 g +i with OxS 1 . In 
this case, all fibers // _1 (c^ p ' 1 ) except for /i~ 1 (c^ ^) and A f l ( c 2g+i) are diffeomorphic 



(p) 



to 7r T 1 (c3 i p ) = T 2 , whereas on the cell e 
diffeomorphic to T 2 /(0 x 5 1 ) and the map v < P ) 
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e<°> e (1 



2 fl +D thc nbcr M 1 (c> ) is 



/it 1 (c^) can be 



identified with the natural projection T 2 — ► T 2 /(0 x S 1 ). For e( ) and e£^ +1 , 
v* (p) (^H q (^i~ 1 (cf^); Z)^ can be obtained by (6.2) in Example 6.9, and for the other 

cells, i/* tp) : ff'Gu-^c^Z) -► {c ( £ ] )\ Z) is an isomorphism. 

For g = 0, the cohomology H P (B;H X ) of (C P (B;H° X ),6) is naturally identified 
with the cohomology H P (B; Z) with Z-coefficient. 

For g = 1, the degree p cochain u <G C P (B; H x ) takes values as follows 

{ZffiO p = or p = 1 and A = 2g + 1 
ZeZ p = l andA = l,...,2 ff orp = 2 
otherwise. 

All differentials S p : C P (B; H x ) -> C* P+1 (B; ^ ) vanish except for p = 0, 1, and in 
this case of p = 0, <5° is given as follows 

(*°«) (4Zi) = P {ai)- l u{e^) - u(e<°>) for i = 1, . . . , g, 
(5°u) (e£>) =* Kft)- 1 ^^ ') ~ ^(e (0) ) for i = 1, . . . , ff, 
(«°«) (4? + i)^ p(7)- 1 «(e(°))-«(eW)=0. 

We identify each fiber 7Ty 1 (c^ 1 ' ) ) with 7Ty 1 (c^°- ) ) as in Example 6.9. Then is given 
by 

(^u) (e< 2 >) 



3-1 3-1 

" '2 S 



i=l i=l 



g— 1 g 
i=l i=l 

i=l 

= (1 ( piPi)- 1 ) «(eP) + (V(«i) _1 - 1) 

+ ■•■ 

= (i -* p^)- 1 ) «(4y_ x ) + (vk)- 1 - 1) «(4J) + u(e£n). 

Then the cohomology groups are calculated by 

P= 0,2 
H p (B;H x ) = {iP^ p=l 



otherwise 



for all a, = 6, = 0. In the other case, 



A p = 1 

H p (B;H x ) = { Z/(oi,bj)Z p = 2 

otherwise, 
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where (a,i,bj) is the greatest common measure of all a,i and bj which are not equal 
to and 

A = i^(ui,Vi,...,Ug,Vg) G Z® 29 : Y^( b * u * ~ a i y i) = °| 
© Z® 29 / {(-aiu, -b ± u, . . . , -a g u, -b g u) : u G Z} . 
For g = 2, the degree p cochain u G C P (B; Ti 2 x ) takes values as follows 



Z p = 1 and A = 1, . . . , 2g or p = 2 
otherwise. 



«(4 P) )G<( P > (^(M-^cf );Z)) 

All differentials S p : C P (B;H|) -> C P+1 (B;H X ) vanish, ft is clear except for 
p = 1. In the case of p = 1. since all holonomies along induce the identity of 
i/ 2 (7Ty 1 (c(°'); Z). the differential S 1 is given by 

8 1 u{e ( ? ) ) =u{e { ^) + u(e^) - u{e^) - u{e^ } ) 
H 

Then the cohomology groups are obtained by 

fz® 29 p=l 
fl*(B;W^)=jz p = 2 

I otherwise. 

The table for the i?2-terms is in Figure 8. In particular, the Lcray spectral sequence 



Q 



2 





I?3 


z 


2 





Z 29 


z 


1 


z 


Z 49 


z 


1 





A 


Z/ (oj, &j)Z 





z 


Z 29 




p 





z 


Z 29 




— - p 







1 


2 







I 


2 




(1) 


Oi = &j 


= 




(2) the other 


case 



Figure 8. the table of (-E^^-terms for fc = in Example 4.8 
is degenerate at i? 2 -term, too, and the cohomology groups of X are given by 

H k (X:Z) = 



z 


fc = 0,4 


Z® 29+1 


fc = 1,3 


Z® 49 


fc = 2 





otherwise 
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for all a,; = bj = 0. In the other case, 

'z 

A 



H k {X; 



Z ffi2 s © Z/(oi, 




fc = 0,4 
fc = 1 
fc = 2 
fc = 3 
otherwise. 



Example 6.11 (Example 4.8 with fc = 2). In the case of fc = 2 in Example 4.8, 
we must replace Q4 g +i in Example 6.10 with the polygon Qi g +2 with 4g + 2 edges 



e 2g-H e 2g 



(!) Lffl \-l fJ^W »W 



(e 



2g- 



ae (1) 

e 2i-i an< i e 2i correspond to Oj, /3j in Figure 2, respectively, and e^.! and ^2g+i 
correspond to the edge arcs 71 and 72 in Figure 2, respectively. See also Figure 7. 



As before, this gives B a cell decomposition with two zero-cells and e^^, 2g + 2 



,(o) 



one-cells , 



'2ff+2 



and one two-cell e^ 2 \ By the same way in Example 6.10, 



we have the natural map ip : Qi g +2 — > -B. In this case, the pull-back bundle <p*Tp 
is also identified with the trivial bundle Q4 g +2 x T 2 but the pull-back ip*X of A" is 
identified with its quotient space which is obtained from Qa 3 +2 X P 2 by collapsing 
each fiber on the one-cell &2g+i with S" 1 x 0, on the one-cell with Ox S 1 , and 

on all vertices of Qa q +2 with T 2 . The fibers // _1 (c^ ) are diffeomorphic as follows 



For e 



(o) a (i) 

-2g+l 



and e 



(i) 

2 5 +2> 



one point 

r 2 /^ 1 x 
r 2 /o x s 1 



p = 

p = 1 and A = 2g + 1 
p = 1 and A = 2.g + 2 
otherwise. 



is identified as follows 

q = 
otherwise, 



2g + l 



L 2o + 2 \ 



9 = 

9 = 1 

otherwise, 
g = 

9 = 1 
otherwise, 



and i/* 



H q (ir T 1 (cl ) ; Z) is isomorphic for the other cells. 

The similar calculus as in Example 6.10 gives the table of the .E^-terms in Figure 9. 
The Leray spectral sequence is degenerate at i? 2 -term, and the cohomology groups 
of X are given by 



H k (X;Z) 




fc = 0,4 
fc = 1,3 
fc = 2 
otherwise. 



Example 6.12 (Example 4.8 with fc = 3). In the case of fc = 3 in Example 4.8, 
we take A"a = CP 2 as a symplectic toric manifold with the triangle as its Delzant 
polytope. In this case, we change Q^g+i in Example 6.10 with the polygon Q± g +3 
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with Ag + 3 edges e« e« (e^)" 1 , (4V 1 , e« , eg, (egU)" 1 , (eg)" 1 , 



'2g-H 2g ! V 2g-1^ ' V^2g 

,W J 1 ) 



^ i and 4j correspond to «i, f3i in Figure 2, respectively, and 



., e 2ff+3 correspond to the edge arcs 71, . . ., 73 in Figure 2, respectively. 
See also Figure 7. This gives B a cell decomposition with three zero-cells ef \ . . ., 
2(7 + 3 one-cells 4 , . . ., 4a+3' and one two-cell eS 2 \ In this case, the pull-back 
bundle tp*Tp is also identified with the trivial bundle Q4 g +3 x T 2 but the pull-back 
ip*X oi X is identified with its quotient space which is obtained from Q4 g +3 x T 2 
by collapsing each fiber on the one-cell e^g+i with S 1 x 0, on the one-cell 41+2 with 
x 5 1 , on the one-cell 41+3 with the circle in T 2 generated by (—1, —1) which we 

denote by — diag(S' 1 ) , and on all vertices of Q<t g +3 with T 2 . The fibers /Lt _1 (4 ) 
are diffcomorphic as follows 

one point p = 



T 2 /S 1 x p = 1 and A = 2g + 1 

T 2 /0 x S 1 p = 1 and A = 2g + 2 

r 2 /-diag(S" 1 ) P = 1 and A = 2.g + 3 

ix~ 1 (c^ p) ) = T 2 otherwise. 



ir 4°\ 4g+i, ■ ■ - 4ff+3> v * c iv) (^ P (M _1 (4 P) ); Z )) is identified as follows 



C 2g + 1 \ 

(h^-\^ +2 )-z)) = 



q = 
otherwise, 



C 2g + 2 




= 

^ (H^-\c^ +3 );Z)) = <j offdiag(Z) q = 1 

I otherwise, 

where offdiag(Z) is the sub-lattice of Z © Z which is generated by (1,-1). For 
other cells, i/* (p) : HpQj,- 1 ^)', Z) ->■ ^(tt^^c^); Z) is isomorphic. The similar 

calculus as in Example 6.10 gives the table of the i?2-tcrms in Figure 9. Then the 
Leray spectral sequence is degenerate at i? 2 -term, and the cohomology groups of 
X are given by 

k = 0,4 
Z® 2 3 it = 1,3 
vma+i k = 2 

otherwise. 



H k (X;Z) = 



Example 6.13 (Example 4.8 with k = 4). In the case of k = 4 in Example 4.8, we 
take Xa — S 2 x S 2 as a symplcctic toric manifold with the square as its Delzant 
polytope. In this case, we change Q<t g +i in Example 6.10 with the polygon Qi g +± 

with 4 5 + 4 edges e« e« (e^)" 1 , (e^)" 1 , eg.,, eg, (e^J-i)" 1 , (eg)" 1 , 

4g+i> ■ ■ •) e 2g+4- 4i-i an d 4P correspond to Qfj, /3j in Figure 2, respectively, and 

29 



. . ., correspond to the edge arcs 71, . . ., 74 in Figure 2, respectively. 

See also Figure 7. This gives B a cell decomposition with four zero-cells , . . ., 



ef \ 2<? + 4 one-cells 



(i) 



e 2g+4' an d onc two-cell e'- 2 -'. In this case, the pull-back 
bundle tp*Tp is also identified with the trivial bundle Q4 g +4 x T 2 but the pull-back 
ip*X of X is identified with its quotient space which is obtained from Q4 S +4 x T 2 



by collapsing each fiber on the one-cell e^J+i with S 1 x 0, on the one-cell e-2g+2 with 



x S 1 , on the one-cell ei^.o with — S 1 x 0, on the one-cell e^, i with x —S 1 , and 



(i) 



2g+4 



on all vertices of Qaq+a with T 2 , where —S 1 x is the circle generated by (—1, 0) 
etc. The fibers /i~ 1 (c^) are diffeomorphic as follows 



For e 



(o) Ji) 

-2g+l> 



one point 
T 2 /S 1 x 
T 2 /0 x S 1 
T 2 1 - S 1 x 
T 2 /0 x -S 1 



p = 

p = 1 and A = 2g + 1 
p = 1 and A = 2g + 2 
P = 1 and A = 2g + 3 
P = 1 and A = 2.9 + 4 
otherwise. 



iPGu-Hc^Z)) 



is identified as follows 



(^(/^(c^Z)) 



Z g = 

otherwise, 

'Z g = 
OffiZ g=l 
otherwise, 



(A = 2g + l,2. 9 + 3) 



Z g = 

Z0O g=l (A = 2,g + 2,2g + 4), 
otherwise 



and 



y p) : H p {^~ 1 {c^)) Z) 



p (7r T 1 (cf ) ; Z) is an isomorphism for the other 

cells. The similar calculus as in Example 6.10 gives the table of the p2-terms in 
Figure 9. Then the Leray spectral sequence is degenerate at P 2 -term, and the 



g 
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Z 2 9 
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1 





jig+k-2 








z 












1 


2 



FIGURE 9. (£% 9 ) 2 -terms for k = 2, 3, 4 in Example 4.8 
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cohomology groups of X are given by 

Z k = 0,4 

Z® 2 ^ fc = l,3 
z e4 S +2 fc = 2 

otherwise. 

Example 6.14 (Example 4.9). Let us calculate the cohomology groups for Example 
4.9. In this case, we take the pentagon Q 5 with edges , , (e^ 1 (e% 
and e|j . , j an d 63 correspond to a, /3, and the edge arc 7 in Figure 2, 
respectively. See also Figure 7. This gives i? a cell decomposition with one zero-cell 
e(°\ three one-cells , . . ., and one two-cell e^ 2 \ In this case, the pull-back 
bundle ip*Tp is also identified with the trivial bundle Q5 x T 2 but the pull-back 
<p*X of X is identified with its quotient space which is obtained from Q 5 x T 2 by 
collapsing each fiber on the one-cell e^ 1 -* with x S 1 , and on all vertices of Q5 with 
T 2 . The fibers /j, _1 (c^) are diffeomorphic as follows 

{one point p = 

T 2 /0 x S 1 p=l and A = 3 

Kt 1 ( c \ ) )- t2 otherwise. 

For e(°) and e^, u* (p) (iT^//" 1 ^); Z)) is identified as follows 

and v* (p) : H p {p~ l (c^)\ Z) — ► iJ p (7r^ 1 (c^ p ' ) ); Z) is an isomorphism for the other 

cells. The similar calculus as in Example 6.10 gives the table of the EVterms in 
Figure 10. Then the Leray spectral sequence is degenerate at E 2 -term, and the 
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Figure 10. (E^^-terms for Example 4.9 



H k (X-Z) = 



Z q = 

otherwise, 

Z q = 
Z©0 q=l 
otherwise. 
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cohomology groups of X are given by 



H k (X;Z) = 



z 


fc = 0,4 


z® 2 


fc = 1,3 


z® 3 


fc = 2 





otherwise 



6.3. Signatures. In this subsection, we shall give the method of computing the 
signature for a four-dimensional case by using the Novikov additivity. Let B be a 
surface with at least one corner, and X a twisted toric manifold associated with 
a principal SL2 (Z)-bundle P on B. For simplicity, assume that B has only one 
boundary component. We divide B into two parts B\ and B2, where B2 is the 
closed neighborhood of the boundary dB such that dB is a deformation retract of 
B2 and B\ is the closure B\ = B\B2 of the remainder. We set X, = p^ 1 (Bi) for 
i = 1,2, and denote by a(Xi) and a(X) the signature of Xi and X, respectively. 
The Novikov additivity says that 

a(X) = a(X 1 )+a(X 2 ). (6.3) 

First let us compute the signature ct(Xi) of X\. We notice that X\ is the 
associated T 2 -bundle for P. When the genus of B is equal to zero, B\ is contractiblc. 
In this case, the signature o(X\) is zero. 

When the genus of B is greater than zero, we give B\ a trinion decomposition 
B\ = uf =1 (i?i)i, where each [B\)i is a trinion, that is, a surface obtained from S 2 
by removing three distinct open discs. Let (Xi)i = for i = l,...,fc. 

From the Novikov additivity, we have 

k 

a(X 1 )=J2^((Xi) l ), (6.4) 

i=l 

and each a{{X\)i) can be computed as follows. We take the oriented boundary loops 
71, 72, and 73 of {B\)i as in Figure 11 which represent generators of iri((Bi)i) with 
[71] • [72] • [73] = 1- Let p : ■K 1 {{B 1 ) i ) — > 5 I L2(^)(= Sp(2;Z)) be the representation 
which determines T 2 -bundle (Xi)i on (£?i)j. We set Cj = p([jj]) for j = 1,2,3. 
For C\ and C 2 , define the vector space Vc lt c 2 an< i the bilinear form ( , ) c c on 




Figure 11. (-Bi)i and 7^ 

Vc 1 ,c 2 by 

V Cu C. = {(x, y) G M 2 x K 2 : (Cf 1 - I)* + (C 2 - t)y = 0}, 
((x^),^,^)}^,^ =* (x + y)J(I-C 2 )y' 
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for (x,y), (x',y') G V Cl ,c 2 , where / = ^ !jj and J = ^ *\ It is easy 
to show that ( , ) c C2 is symmetric and we denote the signature of ( , ) Cl C2 by 

Tl(C 1; C 2 ). 

Theorem 6.15 ([5, 14]). tr((Xi)0 = Ti(<?i,C 2 ). 

We should notice that our orientation of {X\)i is different from that in [5, 14]. 
From (6.4) and Theorem 6.15, we can compute a{X{). 

Remark 6.16. Meyer shows in [14] that T\ defines the cocycle T\ : Sp(2;Z) x 
Sp(2\1) — > Z of Sp(2;Z) which is called Meyer's signature cocycle. The author 
was taught Meyer's signature cocycle by Endo [5]. 

Next, we shall compute c(X 2 ). For X 2 , we can show the following lemma. 

Lemma 6.17. ^(dB) is a deformation retract of X2. 

Proof. Let h : 5 2 x / — > _B 2 be a deformation retraction with /i(-,0) = ide 2 and 
1) € 9£?. Define the map h : X 2 x / — > X 2 of /i by 

h(as, s) = 1/ o Ho1 7mWiS (x) 

for (.t,s) e X2 x /, where 7^(3;), s is the path 7 A ,( x ),s ■ I ^ B2 which is defined by 
lfi(x).s(t) = h(fj,(x),st) for t £ I and HoLy . > s is the parallel transport Hol 7 (<e) s : 
7r^ 1 (^t(a;)) — > tt^ 1 (7 jU ( x ) 1 s (l)) of Tp along 7^^)^ with respect to the connection 
induced from that of P. Then h is a deformation retraction. □ 

Assume that B has k corner points. Then the onc-dimcnsional strata S^B 
has exactly k connected components (S^B)i, . . ., (S^B)k, and [i~ 1 (dB) = 
U^/i" 1 )^ 1 )^), where is the closure of It is easy to see 

from the similar construction of the twisted toric structure on a neighborhood of 
dB as in Example 4.9 and Theorem 5.8 that each pT 1 {{S^ 1 B)i) is homeomorphic 
to the two-dimensional sphere S 2 if k > 2, and is homeomorphic to 5 2 with one 
self-intersection at north and south points if k = 1. If (S^B)i n (S^B)j ^ for 
i 7^ j, then they have two intersections if /c = 2, and have one intersection if fc > 2. 
In all cases, the intersections are transversal since by definition, a neighborhood 
of each intersection in X is identified with that of the intersection of C x {0} and 
{0} x C in C 2 . Then n~ 1 {dB) looks like a necklace of k spheres and the homology 
group of X2 is given by 



H p (X2\ r L) = B v { [ i-\dB)-T) = < 



Z p = 0,l 

Z® fc p = 2 

otherwise. 



Moreover the homol ogy class es [^'((SNfiji)], . . ., [/^((SW.B)*;)] G iI 2 (X 2 ;Z) 
represented by for i = are generators of i? 2 (X 2 ;Z). We 

set Sf = for i = 1, . . . , k. From the above fact, we can obtain the 

following proposition. 

Proposition 6.18. For i ^ j, the intersection number [Sf] ■ [S 2 ] of [Sf] and [S 2 ] 
is given as follows 



[Sf] ■ [S 2 ] = {l SfnS 2 ^$andk>2 

and k = 2. 
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Assume that k > 1. Let us compute the self- intersection number of [Sf]. We can 
take a contractiblc ncig hborhood U of (S^B), in B so that UnS^B has exactly 
two connected components (U (lS^B)i and (U (1S^ B) 2 except for (S^B)i. We 
may assume that (f/n5W5)i and (U D B) 2 arc located in Figure 12. Let 




Figure 12. (S^B), and ([/n5WS) a 



7T£ : C — > S^'B be the characteristic bundle of X. Since £ is primitive, we can 
take the local trivialization ip z : 7r^" 1 ([/) = U x 1? of 7rz : Zp — > £> so that y> z also 
gives the trivializations ^{{S^B)^ ^ (SW-B); x L and ^((t/ n 5 (1) B) a ) = 
(U n S (1) .B)a x L a on (S ( - 1] B) t and ({/ n S (1) B)a for a = 1, 2, where i and L a are 
rank one sub-lattices of Z 2 . We take the generators u, u a of L and L a such that 
both of the determinants of (iti, u) and (u, M2) are equal to one, where (ui, u) (resp. 
(u, u 2 )) denotes the matrix given by arranging the column vectors u\ and u (resp. 
u and U2) in this order. 

Proposition 6.19. The self-intersection number [Sf] ■ [Sf] is equal to the negative 
determinant — det(ui, U2) of (111,1x2)- 

Remark 6.20. The determinant of (111,112) does not depend on the choice of the 
local trivialization ip z since the structure group of the bundle is SL 2 i^). 

Proof. Since the self-intersection number of Sf is equal to the Euler number / e(N"s 2 ) 
of the normal bundle A52 of Sf in X, for example, see [3] , we identify A52 . If nec- 
essary, by replacing the local trivialization, we may assume that U\ = and 

? V Then m? must be of the form u 2 = ( I for some to E Z since 

V V m / 

det(u,M2) = 1. The primitive vector u 2 defines the Hamiltonian 5 1 -action on 

(CV C2 ) by 

t-z = (e- 27r ^ t z 1 ,e 2lT * /=Imt Z2) 

with the moment map 

Hu 2 {z) = ~\z\\ 2 + m\z 2 \ 2 . 
For e < 0, C 2 Mtl2 > e denotes the cut space which is obtained from C 2 by the sym- 
plectic cutting for this circle action. More precisely, let $ : C 2 x C — > R be the map 
defined by 

®(z,w) = — |^i | 2 +to|z 2 | 2 - M 2 -e 
for € C 2 x C. By the construction of the symplectic cutting, C 2 ^ > e = 

^"^O)/^ 1 , where the S^-action on ^(O) is 



t ■ (z, w) = (t ■ z, e 
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-271^-1/ , 



Then it is easy to see from the similar construction of the twisted toric structure on a 
neighborhood of dB as in Example 4.9 and Theorem 5.8 that the the neighborhood 
of Sf in X is orientation preserving diffeomorphic to that of 

{(z,w) G S-^O): z 2 = 0}/S 1 

in C 2 Mll2 > £ for some e < 0. By this difTcomorphism, wc identify Sf with 

{(z,w) G $- x (0): 

Let 7i"i : $ _1 (0) ^CV 3 > £ and tt 2 : {(z,w) G "^(O): z 2 = 0} -> S? be the natural 
projections. It is easy to see from the symplectic cutting construction that 

7r?rcy,> E e Uejs 1 ) ® K c = r(c 2 x q 



tt^TS 2 © Lie(S* 1 ) = T(C x {0} x 



*-!(0) 



{(z^e*- 1 ^) : 22=0} 



where Lie(S' 1 ) <g>R C is the trivial complex line bundle. By the above identification, 
the normal bundle A/52 of Sf in X is isomorphic to the associated complex line 
bundle 

{(z,w) G fc-^O): z 2 = 0}x s iC^ S? 
of 7r 2 : {(z, w) G $ _1 (0): z 2 = 0} — > S* 2 with respect to the irreducible S 1 - 
representation of weight m. This is the complex line bundle 0(—m) on CP 1 . 
Since the Eulcr class is equal to the first Chern class for a complex line bundle, the 



Euler number / e(J\fs?) is equal to 



□ 



From Proposition 6.18 and Proposition 6.19, we can compute the signature ct(X 2 ) 
case-by-case for k > 1. In the case of k — 1, by blowing up the fiber on the corner 
point, which consists of the one point, of B, we can reduce to the case of k > 1 as 
in the following example. 

Example 6.21. Let us compute the signature of the twisted toric manifold X 
in Example 4.9. Recall that B is a surface of genus one with one corner. As 
described above, we divide B into two part Bi and B 2 - We give B\ the trinion 
decomposition as in Figure 13. Then the easy computation shows that the value 
Ti(p([a _1 ]), p([7 -1 ])) of the Meyer cocycle vanishes. This implies the signature 
cr(Xi) of Xi is zero. 





the trinion decomposition of j 



Figure 13. B, Bi, and the trinion decomposition of B\ 



Next we consider X 2 . In general, the fiber of /i : X — * B on the corner point 
consists of only one point which we denote by xq, and by definition, the neigh- 
borhood of xq is orientation preserving diffeomorphic to that of the origin of C 2 . 
Then we can blow up X 2 at xq and denote by X 2 its blow-up. X 2 is a twisted toric 
manifold on the surface B 2 with two corners. For a blowing up of a symplectic 
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toric manifold, see [7, 15]. Let («SW-B 2 )i and (S^B 2 ) 2 denote connected compo- 
nents of the codimension one strata of B 2 as in Figure 14. Since the inverse image 




Figure 14. B 2 and B 2 



Sf = fi 1 ((S^ B 2 )i) of (S^ 1 ) I?2)i is an exceptional divisor, its self-intersection 
number [Sf] • [Sf] is equal to —1. 

We compute the self-intersection number [S^] ■ [S^] of Sf = B 2 ) 2 ). 
By the construction of X 2 in Example 4.9, we can take m, u 2 in Proposition 

6.19 of the forms m = = Jj Q, u 2 = hence [flf] ■ \S\\ = 

— det(iii,u 2 ) = —5. The above computation and Proposition 6.18 for k = 2 show 

that the intersection matrix of X 2 is ( ^ g ) and the signature o^-X^) is equal 

to —2. Since X2 is the blow-up of X 2 at .To, the signature of X 2 is a(X 2 ) = 
a(X 2 ) + 1 = — 1. Then the computations of cr(Xi) and a(X 2 ) together with (6.3) 
shows that cr(X) = — 1. 

Appendix A. Smoothness of cut spaces 

For m, . . . , u d G Z n , define the Hamiltonian Traction on (T*T™ x C d , w T « T ™ © 
uj C d) by 

i • (£, 0, ^) = (£, + £ (e" 2 ^* 4 ^)). 
1=1 

for t = (h,...,t d ) G T d and (£, 0, z) G T*T" x C d with the moment map $ : 
T*T n x C d -> M. d 

$(£,#, 2 ) = 0-N 2 )- 



For A = (Ai, . . . , Ad) G K d , we define the simultaneous cut space {T*T n )^ >\ i } i - 1 

by 

( T * T "){^>A i}i=1 ,..., d = *" 1 W/r d . 

Let us investigate the smoothness of (T*T n )j >a»} - d - 

Lemma A.l. Fbr a linear independent tuple {u\, . . . , u^} 0/ fc vectors in 1 n , the 
following conditions are equivalent. 

(i) {ui, . . . , itfc} is primitive 

k 

(ii) i/ (ti, . . . , i fc ) G M fc satisfies V] ijUi G Z n } £/ien . . . , i fc ) £ Z fc 

i=l 
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Proof. Let A = [u\, . . . ,Uk) G -Mnxfc(Z), and ipA '■ R fc — ► R™ be the linear map 
defined by A. Then 

<p A 1 (Z n ) = Z k 
<=^> lm(p A r\Z n = ip A (Z k ) 

since ipA is injective. (The condition ImipA H Z n D ipA(Z k ) is trivial since A S 
M nxfe (Z).) 

On the other hand, if necessary, by replacing a basis of Z n , ^4 can be of the form 

fc 

M \ 

k 



and 



.4 



\ 







/ 



Im^A 



.©•••©k©{0}© •••©{()} c K" 



im^ n z" 



□ 



Z © • • • © Z©{0} © • • • © {0} c Z" 
diZ © • • • © d k Z © {0} © • • • © {0} C Z". 
(Use the fundamental divisor theory. ) Then 

.-. im^nr c <p A {% k ) <^=> di = ±i (i = i,...,k) 

^=^> {u\, . . . , Ufc}: primitive. 

Assume $ _1 (^) 7^ For eacn (^i 2 ) G we set 

I(S,6,z) = {i G {l,...,d}|«j = 0}. 
Lemma A. 2. (1) The following conditions are equivalent. 

(i) X is a regular value o/$. 

(ii) For arbitrary (£,#, z) G < £ ,_1 (A), {ui}i e j {i g . is linear independent. 
(2) Under the condition of (1), the following conditions are equivalent. 

(i) T -action on $ _1 (0) is /ree. 

(ii) For arbitrary (£, 6*, 2) G $ (A), g z) is primitive. 

Proof. $ can be decomposed into two maps n^d : C d — ► R d in Example 2.2 and 
$1 : T*T™ — * R d which is defined by 

*i(f,0)= 'se, 

where _B = (ui, . . . , it^) € Af nX( j(Z). Let us pay attention to ^c d - Since /i C d is the 
moment map of T d -action on C d , we have lm(d(/zc<0 z) 1 " = Lie(T^), where is 
the stabilizer of z of T d -action on C d . Since T d can be written by 

= {teT d :itI {te , z) ^U=Q} 1 

we have 

Im(d( Aicd ),) ± - {(Ai, . ..,\d)eR d :i£ I {L g iZ) => A; = 0}. 
On the other hand, d($i) (Ci9) : T (ifi) {T*T n ) = T s R n © T e T n -> R d is 



d($i)(^,e)(uR",^T") 
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(A.l) 
(A.2) 



From (A.l) and (A. 2), we have 

(£, 9, z) is a regular point of $ <^> e ^arc linear independent. 

This proves (1). 

(2) is obtained from the fact that the stabilizer e a of (£, z) of T d -action 
on T*T™ x C d is written by 

»6*«,e,«) 

and Lemma A.l. □ 

Theorem A. 3. (T*T n )^ >A .j ,_ 1 d is smooth, if and only if for each [£,9,z] € 
(T*T") {Mu4 > Aj}t=i d , {ui}ie/ K , 9ii) is primitive. 

Proof. This is a direct consequence of Lemma A. 2. □ 

By Remark 2.7, (T*T")r > < \.x._ 1 d is equipped with the Hamiltonian T n - 
action which is induced from the natural T n -action on T*T n . 

Theorem A. 4. Under the condition in Theorem A3, in the particular case where 
d < n and Ai = • • • = A<j = 0, there exists an automorphism p of T n such that 
(T*T n )^ >o}._! d is p-equivariantly symplectomorphic to the T n - action on (C d x 

T*T n ~ , Lo C d@^T*T n - d ) that is the direct product of the T d -action on C d in Example 
2.2 and the T n - d -action on T*T n - d in Example 2.3. 

Proof. For primitive u±, . . . ,u^, there exists an element p £ GL„(Z) such that p 
maps Ui to the ith fundamental vector e$ for i = 1, . . .,d. Then, p induces the 
symplcctomorphism tp = t p~ l x p of (T*T n = R" x T n ,u>T*T n )- The source 
T*T" is equipped with d commutative Hamiltonian circle actions defined by ui, 
. . ., Ud with moment maps p Ul , . . ., p Ud , and on the target T*T n , e±, . . ., de- 
fine d commutative Hamiltonian circle actions with moment maps p ei , . . ., p ed , 
respectively. Since for each i, tp is equivariant with respect to the Hamilton- 
ian circle action defined by u,; on the source and that defined by on the tar- 
get, tp descends to the p-equivariantly symplcctomorphism (p from the simulta- 
neous cut space {T*T n ) { ^ , >0} . =1 d to (T*T n ) { ^ > 0} . =1 d - But by Example 

2.8, (T*T ra ) {Me >0} . =i d is equivariantly symplectomorphic to C d x T*T n - d . This 
proves Theorem A. 4. □ 



Appendix B. Smoothness of induced maps between cut spaces 

Let it, v € Z n be two vectors each of which is primitive, p <= SL n (Z) with 
p(u) = ±v, and tp : U — > V an orientation preserving diffcomorphism between two 
open sets U, V C R"which satisfies 

p({£etf: (u,0>0}) = {»?GV: M > 0}. 
In this Appendix, we shall show the following lemma. 
Lemma B.l. If ip satisfies the condition 

(u,0 = (v,p(0) 

on a sufficiently small neighborhood of {£ € J7 : (it, £) = 0} in {£ S U : (it, £) > 
0}, the map tp x p : U x T n — > V x T" descends to an orientation preserving 
diffeomorphism between cut spaces (U x T n ) >0 and (1/ x T n ) >0 . 
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Proof. Let$ H :C/xrxC^Kand$ l ,:^xT n xC^lbe the maps which are 
defined by 

Define the diffeomorphism tfj : < I ) ^ 1 (0) — > ^~ 1 (0) by 

?(£,M) = ^>(0, />(*)> 

where 




z if p(it) = v 
z if = —v. 



Note that ^ is well-defined from the assumption of the lemma, ip is cquivariant 
with respect to the free circle actions 

on $^" 1 (0) and 

— ■ — p 

t ■ (77, t, ui) = (77, t + tp(u), e~ 2 ^v-u w j 

on $~ 1 (0). Then tp descends to the orientation preserving diffeomorphism ip : 
$~ 1 (0)/S' 1 — > $~ 1 (0)/S 1 since <p and p preserve orientations. □ 

By using Lemma B.l repeatedly, we can show the version of the lemma for 
the case of simultaneous cut spaces. Let {u\, . . . , uj}, \yi, . . . , Vd} C 1 n be the 
primitive tuples of vectors, p £ SL n (Z) with p(v.i) = ±?jj for i = l,...,d, and 
<p : U — > V an orientation preserving diffeomorphism between two open sets U, 

V C R n which satisfies 

^({C£[/: (« il e}>0i = i,... 1 <i}) = {i?eV: fan) > * = 1, . . . , d}. 

Lemma B.2. If cp satisfies the condition 

(ui, = 

on a sufficiently small neighborhood of {£ £ U: (itj,£) = 0, (%,£) > j ^ i} in 
{£ £ J7 : (%, £} > j = 1, . . . , d} /or eac/i i = 1, . . . ,d, the map <p x p : U x T™ — > 

V x T™ descends to the orientation preserving diffeomorphism between simultaneous 
cut spaces (U x T n ) { ^> Qh=i d and (V x T n ) {At „.> } i=1 d . 
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